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� (D ) = 1
j9SDZŠdD`a`7gThib]k+b

C�‹

VTX�g+haŽ‡XcZ]XcRmU]hode`

d̂
p

rYSDfT‰T`iXcg=|�haU]V�U]VTX

•

s‡XY`ihidDR�yDZWSDf;‰/y[XYRTXcZWdeU]Xvg=sm\

X
dDR;g=yDZ-dDg+Xvg=sl\

gr
pl\lhiXY`ogTb{UWVTX�r-V(dehiR

rYSDq=‰T`iX�‚ dCF (Y )
C

ÍŠSn|–Xc_DXYZvpl|–X�q�f;buUFR;SeUFbuUWSD‰^dnU�UWVTX
r-V;dehiR^r�SDq=‰T`iX�‚

C

Ï

hay[fTZWX

Ó+CØÓ

bƒV;Sn|Fb5|�Vl\FU]V;X–r-V;dDhaRxr�S[q=‰T`aXY‚•hob5hiR;b]f+”�r�hiXYRmUc ­s‡Xcrcdef;b]X?UWVTXYZWX{deZWX{g+haŽ‡XcZ]XcR[U

|zd€\+b7UWV;dnU	U]VTXŠÍŠXYXcy[dDdDZWg�g+hodeyDZ-deqèq=d€\�s(XFgTZWd€|�R­pDU]VTXFr-V(dehiR=rYSDq=‰T`iX�‚/hib?R;SeU	hiRl_€dDZ]hodeRmU

C

ë

S[R;bƒhog+XcZzU]VTXxUu|�S�ÍFXcXYy[d[deZ-g�gThidDyDZ-deq�b�haR

Ï

hiyDfTZWX

Ó+CØÓ

p+s‡SeUWV�Sej?|�VThor-V^dDZ]Xxb]‰T`ih~U]U]hiRTy[bŠSej

S3 haj�|–X=q�de‰ÑU]V;X�yDZWXY\�rYhaZ-r�`iXcb•UWS�XvdDr-VÑSeUWVTXYZ�UWS�SDs+U-dehiRÛd�UWSDZWf;b

C�‹

V;X=—;ZWbƒU
g+hodeyDZ-deq

\lhiXY`ogTb	d
r-V(dehiR�r�SDq=‰T`iX�‚ dCF 1(Y )
|�haU]V�d
bƒhiRTy[`aX�y[XYRTXcZWdeU]SDZ–deR;g�d

Õ

XYZWS
g+haŽ‡XcZ]XcR[UWhidD`

CA‹

VTX
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b]XcrYSDR;g5p[U]V;SDfTy[V­pl\mhiXY`ogTbzd�r-V(dehiRŒr�S[q/‰;`aXY‚ dCF 2(Y )
|�haU]VŒU]VTZWXYX•yDXcRTXYZ-dnUWSDZ-bYp

f x1; x2; x3g
dDR;g

d̂xi =

(
x1 + x3

haj

i = 2

0
haj

i = 1; 3
d[bzh~U-bFg+haŽ‡XcZ]XcR[UWhidD`

C–‹

VTX�U]ZWhir-k�hib�U]S�q=Sn_DX�U]S=UWVTX
VTS[q/S[`aS[yD\ dH F (Y )
Sej2U]V;X�r-V;dehiR^r�SDq/…

‰T`iX�‚5pe|�V;XYZWX–UWVTXFVTS[q=SD`iSDyD\xhobAyDhi_DXcR�sl\ dH F (Y ) = K er(d̂)=I m(d̂)
C

˜™R=SDfTZ

S3 X�‚Tdeq=‰T`iXDp

dH F 1(Y )
hob�tuf;buU

hx1i �= Z
p–deR(g•d[b�XY‚+‰(XvrwU]Xvg5p dH F 2(Y ) = hx1; x3 i =hx1 + x3 i �= Z

C

Î

Sn_lhiRTy�U]S�U]VTX=VTS[q=SD`iSDyD\�dD‰T‰(XvdeZ-b�U]S^Z]Xcq=Xcg+\�UWVTX=_ndeZWhidDR;r�X/Sej–U]VTX�r-V;dDhaRÑr�S[q/‰;`aXY‚lXvb

C

‹

VThob•hib•hiR„j¨d[rwU•U]VTX=rYd[bƒX;T

ª �

®

‰;Z]Sn_[Xcb�UWV;dnU
dD`a`Nj9SDfTZ�SDj{U]VTX=ÍFXcXYymdDdeZ-g

Ï

`iSmXcZ�V;SDq=SD`iSDy[haXvb

¯

H F � p

H F 1 p‡dDR;g

H F + dDbF|�XY`i`Nd[b dH F
°�dDZ]X�UWSD‰‡SD`iSDy[hircde`5hiRm_ndDZ]hodeRmUWbFSejAU]VTXchaZ�fTR;g+XcZƒ…

`i\lhaRTy

«

…†q�deRThaj9SD`ogTb

C
‹

VTXcb]X�V;SDq=SD`iSDy[haXvbFZWXY_DXvde`AdŒy[Z]XvdnU�g+XcdD`NSDj–hiR+j9SDZWq�dnU]hiSDRÒdes‡SDf+U•U]VTX

bƒU]ZWf;rwUWfTZWXŒSej�UWVTXYhiZ

«

…†q�deRThaj9SD`ogTb

C

,FSn|åUWV;dnU=|�XŒV;d€_[X�U]VTX^ÍFXcXYymdDdeZ-g

Ï

`aSlXcZ�VTS[q=SD`iSDyD\

g+XY—;RTXvg5p{|�X�rYdDR›X�‚TdDq/hiRTX�dÒb]`ahiyDVmUW`a\žg+haŽ‡XcZ]XcRmU/VTS[q=SD`iSDyD\ÒU]V(dnU�|�hi`i`�y[ha_[XŒf;b=d[b�q�f;r-V

hiR+j9SDZWq�dnUWhaS[R/dDs(S[f+U{klRTSeU-b{dDbAUWVTXFÍFXcXYymdDdeZ-g

Ï

`iSlXYZ{V;SDq=SD`iSDy[\xyDhi_DXcbAf(b	des‡SDfTU{q=dDRThaj9SD`ogTb

C

Ü

X	buU-deZ]U7SDf;Z­haRl_[XcbƒU]hiy[dnUWhaS[R�|�haU]V
d�gTSDfTsT`iX�…†‰‡SDhiR[UWXcgxÍŠXYXYymdDdDZWg•g+hodeyDZ-deq

(T; �; � ; w; z)
rYSDq=‰;dnUWhas;`aX
|�haU]VÒd�klRTSeU

K � S3 C

˜™R�rYdD`irYfT`ideU]hiRTy�UWVTX�ÍŠXYXYymdDdDZWg

Ï

`aSlXcZŠVTS[q/S[`aS[yD\[p;|�X

V;d[gž`iSmS[kDXvgždnU/du�I58�(&0���ƒ…Ú‰‡SDhiRmU]XcgšÍFXYXcy[d[deZ-gÑgThidDyDZ-deq

C

ÍŠSn|–Xc_DXYZvp2|–X�V;dDgÛUu|�SÒb]‰‡Xcr�hode`

‰‡SDhiRmUWb

f w; zg = K \ @Va
C�Ï

S[Z dH F
pN|�X=SDRT`i\ÒrYSDR;b]hog+XYZWXcg

z
CŒ‹

S„rYdD`irYfT`odnU]X/UWVTX�klRTSeU

Ï

`iSmXcZ�VTSDq=S[`aS[yD\Dpl|�Xx|�ha`i`­f;b]X•U]VTX
d[gTg+haU]hiSDR;dD`5s;dDb]XY‰‡SDhiRmU

w
U]S�yDhi_DX�f;b�dDRTSeUWVTXYZ�y[ZWd[g+hiRTy

S[R dCF
C{‹

VThob�|�hi`a`5q�dek[X dCF
d�—;`aU]XcZ]Xvg�r-V(dehiR�rYSDq=‰T`iX�‚

C
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®A•

—;`aU]XYZWXcg�r-V(dehiR„r�SDq=‰T`iX�‚^hob�d�bƒUWdDR;gTdDZWg^r-V;dDhaR„rYSDq=‰T`iX�‚

C
|�h~UWV

d=b]XcµmfTXYR(r�X�SejAbƒfTsKr�S[q=‰T`aXY‚+Xcb

f F (C; i )gi 2 Z
b]deU]hobuj9\lhiRTy

F (C; i ) � F (C; i + 1) � C
C

•

bŠs(XYj9SDZWXDp‡`aXYU

X = � \ � = f x1; :::; xn g
p‡deR;g^`iX�U

S = f D1; :::; Dm g
s‡X
UWVTX�b]X�U•Sej

VTS[q=SeU]S[‰l\�r�`odDbWbƒXvb	SDjAg+hob]klb�hiR�U]VTXxg+hodey[ZWdDq

C?‹

VTXcR�|�X�q�d€\�g+X�—;R;X
d
—;`aU]Z-dnUWhaS[R�y[ZWd[g+hiRTy

j9fTR(rwU]hiSDR

A : X ! Z
U]V;deUFb]deU]hobu—;Xvb

¯

Ó+C «

°

¯

ho°

A(x i ) � A(x j ) = nz (D ) � nw (D )
j9SDZFdeRl\

D 2 � 2(x i ; x j )
¯

hiho°

# f x 2 X : A(x) = ig � # f x 2 X : A(x) = � ig
¯

q=S+g

Ó

°

:

Ü

X�rYdD`a`Nbƒf;r-V„d/j9f;R;rwUWhaS[R�U]VTX2¬�����­���� �0�A1zyDZ-dDg+hiRTy

C–‹

VTX
q=SDU]hi_€deU]hiSDR^j9S[Z�U]VThob�R;deq=Xx|�hi`a`

s‡XcrYSDq=XŒr�`iXcdDZ
|�VTXcR›|–XŒhaRl_DXvbuUWhaymdnUWX=U]VTXŒ—;`~UWXYZWXcgž²	fT`aXcZ�r-V;dDZWd[rwUWXYZWhibƒU]hor=Sej \H F K
CÒÏ

SDZ

dÑyDhi_DXcR•klRTSDU

K
p–U]VThob�j9f;R;rwUWhaS[R“hob�fTR;hiµmfTX„dDR;g•—;`~UWXYZ-b dCF (S3)

haj•|�X�`iX�U

A(K ; i ) =

hfx 2 X : A(x) = igi � dCF (S3)
pAdDbxb]VTSn|�RÑhaR

ª´×

p2Ö+XcrwUWhaS[R

Ó+C �n®†C

,FSn|èU]V;deU
|–X�V;d€_[X

d�—;`~UWXYZWXcgÒr-V;dehiR�r�S[q=‰T`aXY‚5p5|–X�|�dDR[U�U]S�UWdDkDX�b]SDq=X=bƒS[ZƒU•Sej	V;SDq=SD`iSDy[\�SDj	h~U�hiR�SDZ-g+XcZŠUWS

S[s+UWdDhaR�d•U]S[‰(S[`aS[yDhorYdD`mhiRl_ndeZWhidDR[Uvp[d[bAs(XYj9SDZWX

C?‹

VThobAU]hiq=XDp[U]VTS[fTyDV­p[|–X�|�hi`i`+UWdDkDXFdDgT_€dDRmUWdey[X

SDj�UWVTX�RTXY|å—;`aU]Z-dnUWhaS[R

C�’

X�U

H (G)
ZWXY‰;Z]XvbƒXcR[UxUWVTXŒV;SDq=SD`iSDy[\ÒSDj�UWVTX�yDZ-dDg+XvgÒy[Z]S[fT‰

G
C

‹

VTXcR­ 



·T¸K¹D·;º‡¹D¸m»(¼o½K¾›»;¿KÀ^Á­½5Â5»„Ãm¹DÂ5À+Ä�¿5Â­Å�Â­¹DÂ­¾KÆžÂ5Ã„Ç

¶]È ¶ƒÉoÊ

Á­½5Â5»‡Ë

¶]¶

¡�¢m£2¤2¥9¦v¥¨§‡¤®E

©k¯­©

‹

VTX^kmR;SeU

Ï

`aSlXcZ/V;SDq=SD`iSDy[\ \H F K (K )
Sej�dÑkmR;SeU

K
hib�dÑsThiyDZ-dDg+Xvg

•

s(Xc`ahodeR^yDZWSDf;‰Œ|�haU]V

\H F K (K ) =
M

d;i 2 Z

\H F K d(K ; i );

|�VTXcZ]X•j9S[Z

d 2 Z
p

\H F K (K ; i ) = H (A(K ; i )=A(K ; i � 1));
dDR;g

\H F K d(K ; i ) = f x 2 X : gr (x) = dg \ \H F K (K ; i ):
˜†U?hib2‰TZWSn_DXvg�haR

ª �

®

U]V;deU2UWVThobNV;SDq=SD`iSDy[\Dp€`ahikDX dH F
s‡X�j9S[Z]X�haUcpnhob2dŠU]S[‰(S[`aS[yDhorYdD`[hiRl_€dDZ]hodeRmU

C

‹

VTX�RTXY‚lUŠbuUWXY‰^hib�UWS�bƒV;Sn|ãU]V;deU�U]VThobzUWSD‰‡SD`iSDyDhorYdD`KhaRl_ndeZWhidDRmU�hob�hiR[UWXYZWXcbƒU]hiRTy

C

ÓTC «;C

X�ín§(ò	¢mív¦v¥¨¢��Û§(ð=¦vñN¢ � ¤N§(¦ � 	)§­¢mí � §�¢š§�	)§���£

©

•

b/haU�UWfTZ]R(b�S[f+Ucp–Q�RTSeU

Ï

`aSlXYZ

VTS[q=SD`iSDyD\/hob	q�f;r-VŒs‡X�U]U]XYZ�deU�g+haŽ‡XcZ]XcRmU]hodnU]hiRTy/klRTSeU-b{UWV;deR�h~U-b–rY`id[b]b]hircde`‡klRTSeU�‰(S[`a\lRTS[q/hode`

Xvµ[f;ha_nde`iXYRmUvp[UWVTX

•

`iX�‚TdeR(g+XYZz‰‡SD`i\mR;SDq=hidD`

C

ÍŠSn|–Xc_DXYZvpeUWVThob�desThi`ahaUu\�UWS/g+hobƒU]hiRTyDfThob]VŒklRTSeU-bzhib

sTfTU�UWVTX/U]hi‰�Sej	U]VTX=hor�XYs‡XYZWyŒhiRÒU]XYZWq�bŠSDj	haUWb�f;b]X�j9fT`iRTXvb]b

C
‹

VTX/Z]Xvde`2haq=‰‡SDZ]UWdeR(r�X/Sej	klRTSDU

Ï

`iSmXcZNV;SDq=SD`iSDy[\�`ihaXvb7hiR�haUWbNUWSD‰‡SD`iSDyDhorYdD`Dq=XcdDRThiRTyej9fT`iRTXvb]b�TehaUWb2desThi`ahaUu\�U]S•g+hobuUWhaRTy[fThobƒV�kmR;SeUWb

hobFq=XYZWXY`i\�d�b]\mq=‰+UWSDqôSej?UWVTX�haUWbŠU]S[‰(S[`aS[yDhorYdD`­q=XcdeR;haRTy

CŠ’

XYU�f;b�RTSn|•yDhi_DX�deR„Sn_[XYZW_mhiXY|

SDj�UWVTX�U]SD‰‡SD`iSDy[hircde`{hiR+j9S[Z]q�dnUWhaS[R›r�S[R[U-dehiRTXcgÛhiR \H F K (K )
CÒÏ

haZ-bƒU�|–X�bƒV(de`i`	‰TZWSn_DX=UWV;dnU

\H F K (K )
r�S[RmUWdehiR;bzq=SDZWX�haRTj9SDZWq=deU]hiSDR�U]V;dDRŒUWVTX

•

`iX�‚TdDR;g+XYZ�‰‡SD`i\lRTSDq=hode`

� K (t)
C
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‹

VTX²vd�>7U��1��H�C³K)M����1CG-ß���1��0GA7U��1I5k�I745@GFSDj \H F K (K )
hob�yDhi_DXcRŒsl\

� ( \H F K (K ))( t) =
X

x 2 � \ �

(� 1)gr (x ) tA (x ) =
X

i;d

(� 1)d � #( \H F K d(K ; i )) � t i :

X�ín§(ò	§��v¥9¦v¥¨§‡¤°E

©!´7©

� ( \H F K (K ))( t) = � K (t) ^

Ÿ

d[bƒq�f;b]b]XYR�bƒVTSn|Fb2|�haU]V

ª

BcÙ

p

<

ZWhaR(r�hi‰T`aX

«;CaBY®

UWV;dnU2U]V;hibA‰TZWSD‰‡S[b]haU]hiSDR
hobNU]ZWfTX

CA‹

VTX�yDXYRlf;b

B

ÍFXcXYymdDdeZ-gšb]‰T`ih~U]U]hiRTyÛj9ZWSDq |�V;hir-V“|–X„rcde`or�fT`odnUWX \H F K (K )
yDhi_DXcb=f(b�dÛ‰TZ]XvbƒXcRmUWdnUWhaS[R

ha; bjwi
j9S[Z

� 1(S3nL)
¯

� 1
Sej{UWVTX=kmR;SeUxr�SDq=‰T`iXYq=XcR[Uw°

C
‹

VTX

•

`aXY‚+dDR;g+XcZ�‰‡SD`i\lRTSDq=hode`Ahib

UWVTXYR�tuf;buU/U]V;X

Ï

S€‚žrcde`or�fT`if;b�‰(S[`a\lRTS[q=hidD`

da(w)
|�haU]V

a = b = t
hiR›UWVTX�‰‡SD`i\lRTSDq=hode`

C

ÖlhiR;rYX�|�X^RTXY_[XYZ�r�S[q�sThiRTX�U]XcZ]q�b=hiRšU-deklhaR;yÒUWVTX�g+haŽ‡XcZ]XcR[UWhidD`)p	U]VTX�‰‡SD`i\lRTSDq=hode`Úç b�UWXYZWq=b

rYSDZWZ]Xc`ideU]X�U]SŒU]VTX/hiR[UWXYZ-bƒXvrwUWhaS[R„‰(S[haRmU-bŠhiR

X
p‡|�haU]V�XY‚+‰(S[RTXYRmUWbŠU]V(dnUxdeZWXxU]VTX/_nde`ifTXcb�Sej

A
dDR;g�b]hiyDR;b�UWV;dnUŠdDZ]X�U]VTX
b]hiyDR;bzSDj

(� 1)gr C

ÖlhiR;r�XŒ|–XŒrcdeR›g+XcZ]hi_DX=UWVTX

•

`aXY‚TdeR;g+XcZ
‰‡SD`i\mR;SDq=hidD`?j9ZWSDq U]VTX�kmR;SeU

Ï

`aSlXcZ�VTS[q/S[`aS[yD\[p

� K (t)
rcdeRŒrYSDRmUWdDhaR�S[RT`i\/d[b{q�f(r-V�haRTj9SDZWq=deU]hiSDR�d[b \H F K (K )

C

˜™R�j¨dDrwUvp

� K (t)
rYSDRmUWdDhaR;b

`iXcbWb�hiR+j9SDZWq�dnU]hiSDR7p(dDbF|–X�b]XYX�haR^UWVTXxj9SD`i`iSn|�haRTy�ZWXcb]fT`aUFj9ZWSDq

•�Õ

b]_

�
dvUWV�deR(g„Ö

Õ

dDs

�
S

C

¯

,FSDU]X

UWV;dnU \H F K d(K ; i; Q) �= \H F K d(K ; i ) 
 Z Q
pmUWVTX�VTSDq=SD`iSDy[\=|�h~UWV�Z-dnUWhaS[R;de`Kr�SlX�”�rYhaXcR[U-b

C

<

dDbWb]haRTy�UWSxU]V;hib–VTSDq=S[`aS[yD\�ZWXYq=Sn_[Xcb2U]V;XŠ‰‡S[bWbƒhisThi`ahaUu\�SDj5U]S[ZWb]haS[R/U]XYZWq�b{hiR�U]V;XŠyDZWSDf;‰­p[dDR;g

UWVmf(bzq=dDkDXvb�U]VTXvbƒX�ZWXcb]fT`~U-b�r�`iXcdDRTXYZ

C

°

X�ín§(ò	§��v¥9¦v¥¨§‡¤°E
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ªØ×

pTXcµmR

CzBv«n®
l

$ �K
5k�+79ß��OBc581I1]à�1�à]$=79ß��=q��Kà�7

K e

79ß��A�

\H F K d(K ; i; Q) �= \H F K � d( �K ; � i; Q):
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VThob�hobŠdeR�hiq/‰‡SDZ]UWdDRmUFhaq=‰TZWSn_DXcq/XcRmUzSn_[XYZ

�
p;b]haR(r�X

� K (t) = � �K (t)
C

ÍFSn|�XY_[XYZvpmU]VTX

UWSD‰‡SD`iSDyDhorYdD`;ZWXY`iXY_ndeR(r�XŠSDj7UWVTX�klRTSDU

Ï

`iSlXYZzVTSDq=S[`aS[yD\/hib�SDR;`a\�s‡XYy[haRTR;haRTy�U]S=de‰;‰(XvdeZ

C{•

R;X

q=XcdDRThiRTyej9fT`5klRTSDUFhaRl_ndeZWhodeRmU�hob�U]V;X�ÖlXYhaj9XYZ]UFyDXcRmf(bzSej2d/klRTSDUcp;g+XY—;RTXvg�d[b�j9SD`i`aSn|Fbc 
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SDj2b]q=dD`a`5ZWXYy[haS[R;b

C

Ù(C ÓTC öTC

��797U�0G-ß���5k�%q��

^

‹

V;X

attachdisk s
j9fTR;r�U]hiSDRxZWfTR;bKUWVTZWSDfTy[V�UWVTX{b]X�U7SDjldD`a`eklRTSn|�Rxb]q�de`i`

ZWXYy[haS[R;b?deR;gŒdnUƒUWXYq=‰+U-b{UWS�r�`iS[b]XFSejKUWVTXYhiZ	ymde‰;b	sm\=dnU]UWd[r-VThaR;y�j9SDfTR;gŒg+hib]k+b

C?‹

VTXŠyDS[dD`Thob{UWS

—;R(g/gThib]k+b2U]S
dnU]UWd[r-V�UWS
de`i`+SDZ{de`i`+sTf+U–SDRTXzSej‡U]V;X�y[de‰(bYpnUWVTXYZWXYsl\�rYZ]XvdnUWhaRTy�RTXc|•g+hob]klb

CAÏ

SDZ

XvdDr-V„ZWXYy[haS[R­p

attachdisk s
rYZ]XvdnUWXcb•dŒr�S[‰l\�SDj{U]V(dnUxZ]XcyDhiSDR­p(U]V;XYRÒj9SDZ�Xcd[r-V„y[dD‰

G
`iSmS[k+b

UWVTZ]S[fTyDV�U]V;X
bƒXYUŠSejAklRTSn|�R�gThib]k+bzj9SDZFd�g+hob]kŒ|�haU]V^y[dD‰

� G
C

˜†j{b]f;r-V^d�g+hib]k

D
hobzj9SDf;R;g5p

haU
hib�dnUƒU-dDr-VTXvgÒU]S^U]V;X�r�SD‰l\ÒSej�U]VTX�ZWXYy[haS[R

¯

|�VThir-Vžhob�UWS„b]d€\�UWV;dnUxUWVTX�ymde‰ÑhibxZWXYq=Sn_[Xcg

dDR;g„UWVTX�q�f;`~UWha‰T`ihor�haU]hiXcbxSDj–UWVTX=Z]XcyDhiSDRÛdeZWX�hiR;r�ZWXcd[bƒXvg�sl\�UWVTX�q�f;`~UWha‰T`ihor�haU]hiXcbxSDj

D
°�p2dDR;g

attachdisk s
q=Sn_[Xcb�SDR�U]S/UWVTX
RTXY‚mUFymde‰

C{‹

V;hib�q=Sn_[XYq=XYRmUzU]S/U]V;X
RTX�‚lUFymde‰�hibAtuf(buUWh~—;Xvg

sl\ÛU]V;X^â�dD‰+…/ÎŠRThoµ[f;XYRTXvb]b

’

Xcq=q=d

¯

Ï

dDr�U

«;CaB[B

°
…�hajŠS[RTX�gThib]kžhib/j9S[fTR;gš|�h~UWV•ymde‰

� G
p

UWVTXYR^RTS�SDU]VTXcZFg+hib]k�rcdeR^V;d€_[X•ymde‰

� G
C

˜†j?RTS�g+hib]kŒ|zdDb�j9S[fTR;g^|�haU]V^y[dD‰

� G
p;U]VTXcR�UWVTX

RlfTq�s(XcZ?Sej(ymde‰;b2q=hob]b]Xcg�hibAhiR;rYZ]Xcq/XcRmU]Xcg�sl\

BDCA‹

VThobA‰TZWSlrYXcbWb2hib?ZWXY‰‡XcdeU]Xvgxj9SDZ?XvdDr-V/y[dD‰�hiR

UWVTX�ZWXYy[haS[R­pTfTRT`iXcbWbŠUu|–S�ymde‰;b�deZWX
q=hibWbƒXvg5pKdnUŠ|�VThor-V„‰‡SDhiRmUFU]VTX�‰TZWSDyDZ-deq def+UWSDq�dnUWhircde`i`a\

b]klha‰;b�dDVTXcd[g„UWS�UWVTX=RTX�‚lUxZWXYyDhiSDRÑdeR;gÑg+SlXcb�R;SeU
dDgTgÑd�g+hib]k�UWS�UWVTX�`ihibƒU

C

˜†jzdeU�U]VTX=XYR(g

dD`a`‡sTf+UzSDRTX•y[dD‰�V;d[b	s‡XYXcR�r�Sn_[XYZWXcg5pDU]VTXcR�UWVTXxr�SD‰l\/Sej­UWVTX•Z]XcyDhiSDR�|�haU]V�h~U-b–ymde‰;b–r�Sn_[XYZWXcg

hobŠd[gTg+Xcg�U]S�UWVTX/`ahobuU•Sej	g+hob]klb

C

˜†j–deUŠUWVTX�XcR;g„de`i`2Sej?U]V;X�y[dD‰;bFV(d€_DX
s‡XYXcR�r�Sn_[XYZWXcg5p;U]VTXcR

S[RTXŠg+hobƒk�j9SDZ–Xcd[r-V/ymde‰�hiR�U]V;XFZ]XcyDhiSDR=hob–d[gTg+Xcg

C

ÍŠSn|–Xc_DXYZvpnUWVThib–`odDbƒU	‰(Smb]b]hisTha`ihaUu\�V;d[b{s‡XYXcR

rYSDRntuXvrwU]f;Z]Xvg�U]S�RTXc_DXYZ•S+rYrYfTZ

C�•

j±U]XcZ
de`i`AZ]XcyDhiSDR;b�V;d€_DX�s(XcXYRÑX�‚Tdeq=hiRTXcg�haR�U]VThob•j¨dDb]VThiSDR­p

UWVTXxRTXY|}bƒXYUFSejAg+hib]k+bzhibŠdDgTg+Xvg�UWS=U]VTXx`ihobuU�Sej?g+hobƒk+b

C

Ù(C ÓTC �;C

7

f

à����Yà�1I7Kn]��� �-1��/&05¨à�����à�1I76p

^ attachdisk s
deR(g

cutout
rcdeR�s‡SeU]V�rYZ]XvdnUWXzgTfT‰T`ihircdnU]X

rYSD‰ThiXcb–SejAd�ZWXYy[haS[R�SDZzg+hobƒk

C

˜†j­UWVTXxg+fT‰T`ihircdnUWXcbzdeZWX�R;SeU�µ[f;hir-kl`i\�hig+XcRmU]ha—;Xcg�deR;gŒZ]Xcq=Sn_DXcg­p

UWVTXŠ‰TZWSDy[ZWdDqè|�hi`a`5b]`aSn|ãg+Sn|�RŒX�‚+‰(S[RTXYRmUWhidD`a`i\

CAÎ

SDZWXFhiq=‰(S[ZƒU-deRmU]`i\Dp[U]VTX•‰TZWSDy[ZWdDqè|�hi`a`KRTSDU

klRTSn| |�V;XYR•U]SÑU]XcZ]q=hiR;dnUWXDp–b]hiR;r�X�dDg;g+h~UWhaS[R;de`�rYSD‰ThiXcb=SDj�klRTSn|�R•gThib]k+b=|�ha`i`�s(X�rYZ]XvdnU]Xvg
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deU�Xcd[r-V›buUWXY‰

C�‹

S„‰TZWXY_[XYRmUxU]V;Xcb]XŒ‰TZWSDsT`iXYq�bcp2U]VTX�j9f;R;rwUWhaS[R

twodsort
p{|�haU]V›VTXc`a‰›j9Z]S[q

r egionsor t
p2bƒS[ZƒU-b•U]VTX�`ihibƒUWb
SejzZ]XcyDhiSDR;b�deR(gÑgThib]k+bxdeR;gÑZWXYq=Sn_DXvb�g+f;‰T`ahorYdeU]Xvb

CŒ‹

V;X=—;ZWbƒU

‰TZWSDs;`aXcqæhob=d„q�dnU]U]XcZ/SDjŠZWXcr�S[yDRThaU]hiSDR

CÑ•

`~UWVTSDfTy[V•dÒVlfTq�deRšµmfThor-kl`a\ÛRTSDU]hor�Xcb�UWV;dnU/U]VTX

ZWXYy[haS[R;b

f (a; b); (c;d)g
deR;g

f (c;d); (a; b)g
dDZ]X/UWVTX�b]dDq=XDpNd^rYSDq=‰Tf+UWXYZ
|�hi`a`	RTSeU

C

ÍFXcZ]X

r egionsor t
rYSDq=XcbŠhaR­p‡U-deklhaR;y�d�ZWXYy[haS[R

R = f
S m

i =1 (ui ; vi )g
dDR;g^Z]XYU]fTZWRThiRTy�UWVTX�ZWXYy[haS[R

f
S m

i =1 (u1
i ; v1

i )g
pŠ|�V;XYZWX

u1
i < u1

j
|�VTXYR;XY_DXcZ

i < j
p•deR;g

8k9l
j9SDZ�|�VThor-V

(u1
k ; v1

k ) =

(ul ; vl )
C

twodsort
ZWfTR;b

r egionsor t
S[RÒXvdDr-VÛZ]XcyDhiSDRÒhaRÛUWVTX�`ahobƒU
SejzZ]XcyDhiSDR;bcp7deR(g�UWVTXYR

b]SDZ]UWb{U]VTX�`ahobuU-b�Sej­ZWXYyDhiSDR(b{deR;g�g+hobƒk+b

C

˜†U�U]VTXcR�bWr�ZWSD`i`ib?U]VTZWSDfTy[V�U]V;XŠ`ihibƒUzdDR;g�ZWXYq=Sn_DXvb{deRl\

g+f;‰T`ahorYdeU]X=ZWXYyDhiSDR(b�S[Z
g+hobƒk+b

C�‹

VTX=XYR;gÑZWXcb]fT`~U-bxdeZWX�bƒS[ZƒUWXcgÒ`ahobuU-b�SejzfTRThoµmfTX�Z]XcyDhiSDR;b�dDR;g

g+hob]klb

C

Ù(C ÓTC

×

C

&01��0GH����G

^

Ï

haR(de`i`a\[p

gracalc
rYfT`iq/hiR;deU]Xcb{U]VTX�‰TZWSDyDZ-deq^pDrYSDRl_DXcZƒUWhaR;y�UWVTXŠ`ihobuU�Sej­g+hobƒk+b

j9S[fTR;g„hiRÒU]VTX/Z]XvbuU�Sej	U]VTX=‰TZWSDy[ZWdDq÷hiRmU]S�U]VTX�r�S[q=‰(S[RTXYRmUWb•SDj{U]VTX

Ï

`iSmXcZ�VTSDq=SD`iSDy[\Dp(U]VTX

Uu|�hiR�y[ZWd[g+haR;y�j9fTR;r�U]hiSDR;b

gr
deR;g

A
C

gracalc
s‡XYy[haR;b•sl\„r�ZWXcdeU]hiRTy�Uu|�S�dDfTyDq=XcR[UWXcg�q�de…

UWZ]hor�Xvb

M A dDR;g

M gr pz|�h~UWV•U]VTX�ZWSn|Fb=\lhaXc`ig+hiRTyÛ`ihaRTXvdeZ�Xvµmf;dnUWhaS[R;b

P p
j =1 M gr

ij gr (x j ) =

M gr
i (p+1)

deR;g

P p
j =1 M A

ij A(x j ) = M A
i (p+1)

g+X�—(RTXcg�sl\/²	µmf;dnUWhaS[R;b

Ù(CaB[C

²	d[r-V�g+hobƒk�g+XY—;RTXcb

d�Z]Sn|åSej�XcdDr-VšSej�U]V;Xcb]X�q�dnUWZ]hor�Xvb

CÑÜ

X�dD`ib]SÒd[gTgÛU]V;X�g+f;q/q�\žZ]Xc`ideU]hiSDR;b

gr (xp) = 0
p

A(xp) = 0
Cš‹

VTXvbƒX^g+fTq=q�\žZ]Xc`ideU]hiSDR;b=deZWXŒR;Xcr�Xvb]bWdeZW\Ûs(XvrYdDf;bƒX�U]V;X�_nde`ifTXvb�SDj

gr
deR;g

A
deZWX�rcde`or�fT`odnUWXcgšZ]Xc`ideU]hi_DX�U]SÑXcdDr-V•SeUWVTXYZvp–b]SÑb]SDq=X�‰(S[haRmU�q�f(buU=V;d€_DX^dÒ_€dD`af;X�hiR“SDZ]…

g+XcZŠUWS�rcde`or�fT`odnUWX�ZWXcdD`N_nde`ifTXvbŠj9S[ZŠUWVTX=SeUWVTXYZ-b

C�•

R;rYX
UWVTXcb]X�q�deU]ZWhirYXcb•deZWX�sTfThi`aUcp

gracalc
b]XYR;g;b/U]VTXcqêU]S

gaussian
UWSžs(X„b]SD`i_DXcg

C

˜†j•U]V;X�q=deU]ZWhirYXcb=rYdDR•s(X„b]SD`i_DXvg›sl\“â�dDf;b]bƒ…

hodeR“²{`ihaq=hiR;dnUWhaS[R­p	UWVTXYR

alexsetup
hob�rYde`i`iXcg•U]SÛ‰TfT`i`FS[f+U=U]VTX�_nde`ifTXvb=Sej

gr
dDR;g

A
deU

XvdDr-V�haRmU]XcZWb]Xcr�U]hiSDR

Cz‹

VTX

•

`aXY‚+dDR;g+XcZF‰(S[`a\lRTS[q=hidD`­hibFU]VTXcR„rYdD`irYfT`ideU]XvgŒj9ZWSDq‘U]VTX�Xcµmf;dnUWhaS[R

� K (t) =
P p

i =1 (� 1)gr (x i ) tA (x i ) CA‹

VThobYpDdD`aS[RTyŠ|�haU]V/UWVTXz_€dD`af;Xcb2Sej

gr
dDR;g

A
pDdeZWX�‰TZ]hiRmU]Xvg

S[f+U�sm\

gracalc
C

Ù(C «;C
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˜™RždDg;g+h~UWhaS[RÛU]S^UWVTX�j9fTR;r�U]hiSDR;b�X�‚+‰T`odehiRTXcgÛdDs(Sn_[XDp7Xchay[VmU

d[gTg+haU]hiSDR;dD`N‰TZWSDy[ZWdDq�bŠdeZWX�rcde`i`aXvg�sl\^U]VTX/‰TZWSDy[ZWdDq‘UWS�g+S^b]haq=‰T`iX�s;f+Uxhaq=‰‡SDZ]UWdeRmU�UWdDb]k+b

C

equiv
U-dek[Xcb�hiR„deR�hiRmU]XYZ-b]XcrwUWhaS[R�j9Z]S[q÷Xch~UWVTXYZŠU]VTX
`iX�j±U•SDZFZWhiyDVmUŠbƒhog+X�dDR;g^ZWX�U]f;Z]R;bŠh~U-bF`iX�j±U

b]higTX�XvµmfTha_ndD`aXcR[U

Cœ‹

VThob�hib�SDRTX^X�‚TdDq/‰;`aX^Sej•U]ZWXcdeU]hiRTyÑU]VTX�hiRmU]XcZWb]Xcr�U]hiSDR;b=`ihak[X

Zp
…xU]V;hib

j9fTR(rwU]hiSDRŒq=dD‰;b

a (mod 2p)
UWS

a (mod p)
C

side
UWdDkDXvb{hiR�deR�hiRmU]XYZ-b]XcrwUWhaS[R�deR;g=ZWX�UWfTZWR;b

0
hajKU]VTX�haRmU]XcZWb]Xcr�U]hiSDR=hob{SDR=UWVTXF`iX�j±Uzbƒhog+XŠdDR;g=Z]XYU]fTZWR;b

1
h~j5haU–hob{SDR/UWVTXŠZWhay[VmU	bƒhog+X

C

r overlap
U-dekDXvb/haR•dÑRmf;q�s‡XYZ�r�S[Z]ZWXcb]‰‡SDR;g+hiRTy�U]SždÑZ]hiyDVmU�bƒhog+X^hiR[UWXYZ-bƒXvrwUWhaS[R­p	deR(g•b]fTs+UWZWd[rwUWb

p
haj

UWVTXŒRlfTq�s(XcZ/hob�yDZWXcdnUWXYZ�U]V;dDR

2p
CÛ‹

VThob/hib�f;b]XcgžUWSÒrYSDZWZ]XvrwU
j9S[Z�UWVTX�b]VThaj±U/sl\

r
SDj�U]VTX

`ihaR;Xcb�U]V;deU
r�SDR;RTXcr�U�UWSŒUWVTX=Z]hiyDVmUxbƒhog+X

C

gaussian
U-dekDXvb•haRÛdeRÑdefTy[q/XcRmU]Xcg�q�dnU]ZWha‚�deR;g

ZWX�UWfTZ]R(b?h~U–haR�ZWXcg+f(r�Xcg=ZWSn|z…†Xcr-VTXc`aS[R
j9SDZWq

C

r owswap
hob?f;b]Xcg=sl\

gaussian
U]S�bƒ|zde‰=ZWSn|Fb

|�VTXcR„g+SDhiRTy�UWVTX/â�dDf;bWbƒhodeR�Xc`ahiq=haR;deU]hiSDR

C

printmat
‰;Z]hiRmUWbŠd�RThirYXY`i\�j9SDZWq=deUƒUWXcg�r�S[‰l\�SDj

d�Uu|�Se…™g+haq=XcR;bƒhiSDR(de`?q�dnUWZ]ha‚5p7XY_[XYRÑh~jzUWVTX�q�dnUWZ]ha‚5ç b�ZWSn|FbxdeZWX=RTSeU
SDj�S[RTX�bƒhiRTy[`aX=`iXYRTyDU]V

C

‹

VThob�hobxf;b]XcgÒU]S^‰TZWhaRmU
S[f+UxU]VTX�`ihobuU
SDj�ZWXYy[haS[R;bYp5|�V;XYZWX�UWVTX�RlfTq�s‡XYZ�Sejzy[de‰(b�q�d€\„_ndDZ]\

d[r�ZWS[bWb	ZWXYy[haS[R;b

C

alexsetup
UWdDkDXcbzhiR�U]VTXxZWXcgTf;r�XvgŒZWSn|z…ÚXvr-VTXY`iSDRŒq=deU]ZWh~‚�Sej

gr
S[Z

A
j9ZWSDq
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gaussian
deR;g�rcde`or�fT`odnUWXcb{U]VTX�Z]Xc`ideU]ha_[XF_nde`ifTXcb–Sej5UWVTXŠy[ZWd[g+hiRTy[b

CN‹

VThob�r�SDR(bƒhobuU-b{SDj7bƒhiq=‰T`a\

ZWXcd[g+haR;y�SDŽ„U]VTXxdDfTyDq=XYRmUWXcg�r�SD`ifTq=R^SejNU]VTXxZWXcg+f(r�Xcg�ZWSn|z…ÚXvr-VTXY`iSDRŒq=deU]ZWh~‚

C

ö+C²Ô
ú�»YM­ü�H€»

‹

VTX�XY‚+hibƒU]XcR;r�X�SDj–UWVThob
‰TZWSDy[ZWdDqõde`i`aSn|Fb
f;b�U]SÒrYde`or�f;`ideU]X=U]V;X�klRTSeU

Ï

`iSlXYZ
VTS[q=SD`iSDyD\

SDj

¯

B

p

B

°�kmR;SeUWb�SDj–q�f;r-VÒ`odeZWyDXcZ•b]h

Õ

X/U]V;dDRÑd�VlfTq�deRÑ|�SDfT`og�s‡X�des;`aX/U]S^ZWXcd[bƒS[R;desT`i\�g+S

C

²	µmf;dD`a`i\�hiq/‰‡SDZ]UWdDRmU]`i\DpKh~U�‰‡XYZWq/haUWb�f(bŠUWS�b]fTZW_DXY\�b]fTsKr�`odDbWbƒXvbŠSDj

¯

B

p

B

°FklRTSDUWbŠU]S^bƒXcXYk�SDfTU

‰;deUƒUWXYZWR;b

C

Ä���BV��1�q

^

‹

VTZ]S[fTyDV;SDf+U�UWVThib^b]Xcr�U]hiSDR­p�|�X„|�hi`a`�dDbWbƒf;q/X„U]V;deU�haj
Uu|–S

Ù

…ÚU]fT‰T`iX�g+hodey[ZWdDq�b

V;d€_[X^U]VTXÑb]dDq=X�kmR;SeU

Ï

`iSmXcZŒVTS[q=SD`iSDyD\[p�U]VTXcRãU]VTXc\“gTXcb]hay[R;dnUWX�U]VTXÑb]dDq=X„klRTSeU

C ‹

VThib

|�hi`a`?dD`aq=S[bƒUxde`i|�d€\+b�s(X/U]ZWfTX=g+fTX/U]S�U]V;X/ZWSDs;f;buUWRTXcbWb�Sej	UWVTX=VTSDq=S[`aS[yD\DpKsTfTU�haUx|�ha`i`?RTSDU

dD`a|zd€\+b	s‡X•U]ZWfTX

C?‹

Vlf;bcp+|�VTha`iX�|–X�ZWXY‰‡SDZ]U�S[fTZzZ]Xvbƒf;`~U-b�d[b�d�rYSDfTRmU�SejAg+hobuUWhaR;r�U�kmR;SeU

Ï

`aSlXYZ

VTS[q=SD`iSDyDhiXcb�SDs;b]XYZW_DXvg5p?UWVTX^Z]Xc‰(S[ZƒUWXcg›rYSDfTRmUWb/q�d€\žs‡X^b]`ihay[V[UW`a\ž`iSn|�XYZ�U]V;dDRšUWVTX�dDrwUWf;de`

RlfTq�s(XcZ�Sej2gThibƒU]hiR;rwU�kmR;SeUWb

C

öTCaB[C

�”Õ
îN¥)ï

�

�cîNí`Ö(¢(£è§‡ð

%�&(')&+*

�
¤N§(¦��

©

Ü
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